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Enhanced Structural Damage Detection
Using Alternating Projection Methods

Musa O. Abdalla,¤ Karolos M. Grigoriadis,† and David C. Zimmerman‡

University of Houston, Houston, Texas 77204-4792

Alternating projection algorithmsare examined for the solutionof damagedetection problems in structures. The
damage detection problem is formulated as a feasibility problem to � nd a damaged stiffness matrix that is close to
the re� ned stiffness matrix of the undamagedstructure and that satis� es the necessary symmetry, sparsity, positive
de� niteness, eigenequation, and damage localization constraints. Alternating projection methods are proposed to
utilize the orthogonalprojections onto these constraint sets in an iterative fashion to � nd a solution that best satis� es
these constraints. In addition,directional alternating projections that exploit the geometry of the damagedetection
feasibility problem are introduced to improve the computational ef� ciency of the approach. The techniques are
applied to detect damage in a simulated cantilever beam model and in the NASA eight-bay truss damage detection
experimental test bed.

Nomenclature
kAk = Frobenius norm of the matrix A
AT = transpose of the matrix A
AC = Moore–Penrose generalized inverse of the matrix A
hA; Bi = inner product of two matrices A and B
A ± B = Hadamard matrix product of two matrices A and B
K = analytical (healthy) stiffness matrix
Kd = damaged stiffness matrix
M = analytic mass matrix
PC .X0/ = projection of X0 onto C
q = generalized coordinatesvector
Vd = measured mode-shape matrix
vvd i = measured mode shapes
Äd = measured eigenfrequencymatrix
!di = measured eigenfrequencies

I. Introduction

T ECHNIQUES for damage detection and health monitoring of
aerospace, civil, and mechanical engineeringstructuresare es-

sential in determining their safety, reliability, and operational life.
For example, regular monitoring and assessment of the structural
integrity of the Space Station Freedom would be necessary to esti-
mate potential damage by micrometeoroids and orbital debris im-
pact, Space Shuttle dockings, and fatigue due to nominal loading
or accidents. The structural health monitoring problem consists of
obtaining information about the existence, location, and extent of
damagein structuresusingnondestructivemethods.Based onexper-
imental modal analysis and signal processing techniques,a promis-
ing approach for health monitoring of structures is to monitor and
interpret changes on structural dynamic measurements.The extrac-
tion of natural frequencyand mode shape informationof a vibrating
structurecan be accomplishedusingmodernvibrationtestingequip-
ment and instrumentation. Modal and structural dynamic data of a
vibrating structurecan be utilized for cost-effectivehealth monitor-
ing and operational life assessment information without a need for
dismantling the structure.

Most prior work on damage detection of structures is directed
toward the general framework of � nite element model (FEM)
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re� nement methods. The motivation behind these techniques is
the need to re� ne and validate FEM structural models before they
are acceptable as accurate models of the structure.1 Model updat-
ing, model correction, and health monitoring approaches have at-
tracted substantial attention in the past few years, as evident in sev-
eral recent review articles.2 – 5 Optimal matrix update methods that
seek to determine the system property matrices, such as the stiff-
ness matrix, using measured test data are used extensively in FEM
re� nement and damage detection. Health monitoring information
can be associated with changes in the system matrices; for exam-
ple, stiffness reduction can be attributed to damage. In their work
on optimal orthogonalizationof measured modes, Baruch and Bar
Itzhack1 obtained a closed-form solution for the minimum Frobe-
nius norm adjustment to the mass-weighted structural stiffness ma-
trix that incorporates the measured frequencies and mode shapes.
However, the zero/nonzero sparsity pattern of the original stiffness
matrix may be destroyed. Algorithms by Kabe,6 Kammer,7 Smith
and Beattie,8 and Smith9 were developed recently to preserve the
original stiffness matrix pattern, thereby, preserving the original
load paths of the structural model. Although these methods appear
to provide satisfactory results for model re� nement, their use for
damage detection is questionable inasmuch as damage typically
results in localized changes in the system property matrices. In ad-
dition to the cited optimal matrix update methods, control-based
eigenstructureassignmenttechniqueswere recentlyproposedto de-
termine the pseudocontrol that would be required to produce the
measured modal properties.10 Also, a minimum rank perturbation
theory (MRPT) approach has been developed by Zimmerman and
Kaouk11 ;12 that exploits the � nite element representation of struc-
tural damage.

In the present work, alternating projection algorithms are pro-
posed to provide improved optimal matrix updates for damage de-
tection purposes.Alternatingprojectionshave been used in the past
to solve statistical estimation, image reconstruction, and control
design problems.13 – 16 Also, some recent iterative optimal matrix
update methods for damage detection are essentially alternating
projections although the proper justi� cation and interpretation of
the methods has not been examined there.9 ;10 In the present work,
we provide the theoretical foundations and formulation of the al-
ternating projection method for damage detection and a rigorous
justi� cation of their convergenceand properties.Also, an improved
directional alternatingprojectiondamage detection algorithm is in-
troduced,which results in enhancedconvergence.Finally, two com-
putational examples are provided. We use the proposed methods
to detect damage in a four-degree-of-freedom(DOF) vibrating bar
model and in the NASA eight-bay truss damage detection test bed.
These examples demonstrate the capabilities of the proposed alter-
nating projection algorithms to detect localized structural damage.
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The notation to be used in this paper is as follows: AC denotes
the Moore–Penrose generalized inverse of a matrix A, that is, if

A D [U1 U2]
61 0

0 0

V T
1

V T
2

is the singular value decompositionof A, then

AC D V16¡1
1 U T

1

The symbol ± is to denote element-by-element multiplication of
two matrices (Hadamard matrix product). The Frobenius norm of a
matrix A is de� ned as

kAk D
i; j

A2
i j

1
2

D [tr.AAT /]
1
2

and the inner product of two matrices A and B as

hA; Bi D tr.ABT /

where A and B have the same dimensions. The standard notation
>; ¸ .<; ·) is used to denote the positive (negative) de� nite and
semide� nite ordering of matrices as well as standard set notation.

II. Problem Formulation
Consider an undamped n-DOF � nite element model of an un-

damaged structure represented by the general equation of motion

M Rq C K q D 0 .1/

where M and K are the n £ n analyticalmass and stiffnessmatrices,
respectively, and q is an n £ 1 vector of generalized coordinates
(displacementsat thenodes). We assumethat theFEM (1) is a re� ned
model of the structure, that is, the measured and analytical modal
properties are in agreement (possible through the use of a model
re� nement procedure). The damage detection problem consists of
usingmeasuredmode shapesand naturalfrequenciesto compute the
structural stiffnessmatrix and to make an assessmentof the location
and extent of damage based on stiffness reduction at individual
structural elements.

The eigenproblemof Eq. (1) is given by

¡!2
i M C K vvi D 0; i D 1; : : : ; n (2)

where !i and vvi denote the i th natural frequency and the i th mode
shape, respectively,of the healthy structure.These mode shapes are
chosen to be mass normalized, that is, vvT

i Mvvi D 1.
Suppose that a postdamage modal testing provides a set of

eigenfrequenciesand eigenvectors!di and vvdi , i D 1; : : : ; p, where
p ¿ n. In this work, it is assumed that the dimension of the mea-
sured eigenvectors is the same as the analytical eigenvectors. The
postdamage eigenvalue problem is now

¡!2
di M C Kd vvdi D 0; i D 1; : : : ; n (3)

where Kd is the stiffness matrix of the damaged structure. We have
assumed that the effect of damage on the mass properties of the
structure is negligible.The set of eigenequations(3) can be written
in a matrix form as follows:

Kd Vd D MVdÄ2
d .4/

where Äd D diag.!d1; !d2; : : : ; !dp/ is the p £ p diagonal matrix
of measured eigenfrequenciesand Vd D [vvd1; vvd2; : : : ; vvdp] is the
n £ p mass-orthogonalmodal matrix. The damage detection prob-
lem reduces to identifying the damaged stiffness matrix Kd from
the eigenmeasurements!di and vvdi .

Given the measured eigenfrequencymatrix Äd and the measured
mode-shape matrix Vd , the optimal matrix update of Baruch and
Bar Itzhack1 provides the optimally modi� ed stiffness matrix K ¤

d
that solves the following minimization problem:

minimize
K ¤

d

M¡ 1
2 K ¤

d ¡ K M¡ 1
2 .5/

subject to

K ¤
d Vd D MVdÄ2

d ; K ¤
d D K ¤T

d .6/

where k¢k denotes the Frobenius norm of a matrix. A closed-form
solution to the preceding minimization problem is given by

K ¤
d D K ¡ K X X T M ¡ M X X T K C M X X T K X X T M

C M XÄ2
d X T M (7)

X D Vd V T
d MVd

¡ 1
2 (8)

Hence, the Baruch–Bar Itzhack formula (7) provides the closestma-
trixupdatethat is consistentwith themeasuredmodaldata.Although
the positive de� niteness of the stiffness matrix is guaranteed in
Eq. (7), the structural connectivity as represented by the zero/
nonzero pattern of the structural stiffness matrix is lost in the pro-
cess.

To preserve structural connectivity and to obtain more accurate
damage detection information, we seek to solve the following opti-
mal matrix update problem:

minimize
K ¤

d

K ¤
d ¡ K .9/

subject to the eigenequationconstraint (4) and a sparsity constraint
on the solution matrix K ¤

d . We de� ne an n £ n structural stiffness
matrix Kd to be K -sparse if Kd has the zero/nonzero pattern of the
analytical stiffness matrix K . Hence, a K -sparse matrix preserves
the FEM connectivity of the analytical model. Let us de� ne the
following sets that correspond to the physical and eigenequation
requirements on Kd :

C1 D fKd : Kd ¸ 0g

C2 D Kd : Kd D K T
d

(10)
C3 D fKd : Kd is K -sparseg

C4 D Kd : Kd Vd D MVdÄ2
d

Then the optimal matrix update problem we seek to solve is the
following:

minimize
K ¤

d

K ¤
d ¡ K .11/

subject to

K ¤
d 2 C1 \ C2 \ C3 \ C4 .12/

where \ is the set intersection operation.
The presence of measurement noise in the modal data often re-

sults in an inconsistent family of constraint sets C1 , C2 , C3 , and C4.
That is, it is possible that no positive de� nite, symmetric, K -sparse
matrix K ¤

d exists that satis� es eigenequation(4), i.e.,C1 \ C2 \ C3 \
C4 D ;. Hence, in this case we are interested in � nding the posi-
tive de� nite, symmetric, K -sparse matrix K ¤

d that is nearest to the
eigenequationconstraint set C4 , i.e., we seek to solve the optimiza-
tion problem

minimize
K ¤

d

K ¤
d ¡ Kd .13/

subject to

K ¤
d 2 C1 \ C2 \ C3 .14/

and

Kd 2 C4 .15/

A signi� cant difference of the damage detection problem from
the model re� nement problem is that localized damage results in
localized changes in the structural stiffness matrix. To enhance the
detectionof localizeddamage in our approach,a maskingprocedure
is proposed.The objective of masking is to ensure that the damage
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detection algorithm will focus on the damaged stiffness matrix ele-
ments thathavechangedsigni� cantlyandwill neglectsmall changes
that can be attributed to noise. In addition, undesirable distribution
of the identi� ed stiffness matrix changes over all elements of the
stiffness matrix will be avoided. To this end, small changes in the
structural stiffness matrix K ¤

d , e.g., less that 10% of the maximum
change, are neglected. We will say that the matrix K ¤

d is masked
if such small changes in the stiffness matrix elements have been
neglected. We de� ne the following masking constraint set:

C 0
3 D fKd : Kd is maskedg .16/

Notice that if K ¤
d is a K -sparse matrix then the masked K ¤

d matrix is
also K -sparse, that is, C3 ½ C3, where ½ denotes the subset relation
between two sets. Hence, for the noisy damage detection problem
the constraint C3 in the optimization problems (11) and (12) and
(13–15) should be replaced by C 0

3.
It is noted that all constraint sets Ci in Eq. (10) have a simple

analytical representation,and they correspond to simple geometric
constraints in the space of n £ n matrices. In the following section,
we present an alternating projection approach that exploits the ge-
ometry of these constraints to obtain a solution to the optimization
problems (11) and (12) and (13–15).

III. Alternating Projections
The alternating projection approach utilizes the projections onto

the constraintsets in an iterative fashion to obtain solutionsof feasi-
bility and optimizationproblems. These techniqueshave been used
in the past to solve statistical estimation, image restoration, and
control design problems.13– 16 In this paper we present the basic
concepts of the alternating projection methods as they are applica-
ble to our matrix optimization and feasibility problems for damage
detection.

Let M denote the vector space of the n £ n matrices equipped
with the Frobenius norm

kXk D X 2
i j

1
2

D [tr.X X T /]
1
2

and the inner product

hX; Y i D tr.XY T /

where X; Y 2 M. The damagedetectionproblemswe are interested
in solving are described next.

The feasibility problem has the following form: Given the con-
straint sets C1; C2; : : : ; Cn in M, � nd a matrix X¤ in the intersection
of these sets, that is,

X ¤ 2 C1 \ C2 \ ¢ ¢ ¢ \ Cn .17/

The optimizationproblemhas the following form: Given the con-
straintsetsC1; C2; : : : ; Cn in M anda matrix X0 2 M, � nd thematrix
X ¤ in the intersection of these sets that is closest to X0, i.e., solve
the optimization problem

minimize
X¤

kX ¤ ¡ Xk subject to X ¤ 2 C1 \ C2 \ ¢ ¢ ¢ \ Ck .18/

The unfeasible optimization problem has the following form:
Given two disjointedconstraint sets C1 and C2 in M, � nd the matrix
X ¤ 2 C1 that is closest to the set C2 , i.e., solve

minimize
X ¤

kX ¤ ¡ Xk subject to X ¤ 2 C1 and X 2 C2 .19/

The feasibility problem (17) and the optimization problem (18)
have a solution if and only if the constraint sets Ci have a nonempty
intersection. The unfeasible optimization problem (19) considers
the case where the two sets C1 and C2 do not intersect and seeks to
� nd the matrix in C1 that is closest to the set C2 .

The concept of convexity is important to characterize and deter-
mine a solution to the given matrix problems. Recall that a set C is
convex if any two points (matrices in our case) that belong to the
set de� ne a line segment that is fully contained in the set. Convexity
of the sets Ci guarantees that the optimizationproblem (18) and the
unfeasible optimization problem (19) have unique solutions.17

Now considera constraintset C in M and let X0 be a given matrix
in M. We de� ne the projection of X0 onto M to be the matrix X¤

in C that is closest to X , that is, X¤ solves the optimizationproblem

minimize
X ¤

X¤ ¡ X0 subject to X¤2 C .20/

The projection X ¤ of X0 onto C is uniquely de� ned if the set C is
convex,and this projectionwill be denotedby PC .X0/. In the sequel,
we will presentcomputationalalgorithmsthatutilize the projections
onto the constraint sets Ci to solve the matrix feasibility and opti-
mization problems (17–19). We will assume that the constraint sets
Ci have simple geometryso that the projectionsPCi can be computed
ef� ciently.

A. Classic Alternating Projection Algorithm
The classic alternating projection algorithm18 ;19 consists of se-

quential projections onto the constraint sets. Let X0 be any given
matrix in M and consider the following alternating projection se-
quence onto the constraint sets C1; C2; : : : ; Cn :

X1 D PC1 X0

X2 D PC2 X1

:::

Xn D PCn Xn ¡ 1

Xn C 1 D PC1 Xn

:::

X2n D PCn X2n ¡ 1

X2n C 1 D PC1 X2n

:::

X3n D PCn X3n ¡ 1

:::

.21/

If the constraintsets C1; C2; : : : ; Cn have a nonempty intersection,
that is, if C1 \ C2 \ ¢ ¢ ¢ \ Cn 6D ;, then the sequence of matrices X i

converges to a matrix X¤ in the intersection C1 \ C2 \ ¢ ¢ ¢ \ Cn .
Hence, the iterative scheme (21) solves the feasibilityproblem (17).
Figure 1 shows a schematic representation of the given standard
alternating projection algorithm for the case of two constraint sets
C1 and C2.

For the case of two disjoint constraint sets C1 and C2, i.e., if
C1 \ C2 D ;, the odd subsequence X2i ¡ 1 converges to the matrix
X ¤ in the set C1 that is nearest the set C2 . Hence, for the case of
disjointsets the iterativescheme(21) convergesto the solutionof the

Fig. 1 Classic alternating projection scheme for feasible constraints
C1 and C2 .
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Fig. 2 Classic alternating projection scheme for unfeasible constraints
C1 and C2 .

unfeasible optimization problem (19). Figure 2 shows the behavior
of the algorithm (21) in this case.

B. Optimal Alternating Projection Algorithm
The following modi� ed alternating projection20 algorithm pro-

vides a solution to the optimization problem (18). Consider the
matrix X0 in M and de� ne the following sequence of matrices:

X1 D PC1 X0; Z1 D X1 ¡ X0

X2 D PC2 X1; Z2 D X2 ¡ X1

:::
:::

Xn D PCn Xn ¡ 1; Zn D Xn ¡ Xn ¡ 1 (22)

Xn C 1 D PC1 .Xn ¡ Z1/; Zn C 1 D Xn C 1 ¡ .Xn ¡ Z1/

Xn C 2 D PC2 .Xn C 1 ¡ Z2/; Zn C 2 D Xn C 2 ¡ .Xn C 1 ¡ Z2/

:::
:::

Hence, in this modi� ed projection algorithm, in each step j , the in-
crement Z j ¡ n is removed before projectingonto the corresponding
convex set. This forces the algorithm to converge to the solution X¤

of the optimization problem (18).

C. Directional Alternating Projection Algorithm
An algorithm that further exploits the geometry of the matrix

design problem to enhance convergence is presented next. This al-
gorithm uses the tangent plane onto a constraint set to solve the
matrix feasibility problem (17). Let X0 be any given matrix in M.
Consider the following algorithm for the case of the two constraint
sets C1 and C2:

X1 D PC1 X0; X2 D PC2 X1; X3 D PC1 X2

X4 D X1 C ¸1.X3 ¡ X1/; ¸1 D
kX1 ¡ X2k2

hX1 ¡ X3; X1 ¡ X2i

X5 D PC1 X4; X6 D PC2 X5; X7 D PC1 X6 (23)

X8 D X5 C ¸2.X7 ¡ X5/; ¸2 D
kX5 ¡ X6k2

hX5 ¡ X7; X5 ¡ X6i
:::

:::

Then the sequence of matrices X i converges to the intersection
C1 \ C2 . Hence, the iterative scheme (23) solves the feasibility prob-
lem (17). This algorithm provides an improved convergence rate
compared to the standard alternating projection algorithm (21) (see
Ref. 20). Figure 3 shows a schematic representation of the direc-
tional alternatingprojectionalgorithmfor the case of two constraint
sets C1 and C2 . Note that in each cycle, there are two projections
points (X1 and X3) on the same set C1 , and these two projection
points are used to derive a direction for the next point X4 .

Fig. 3 Directional alternating projection scheme.

IV. Alternating Projections for Damage Detection
To apply and ef� ciently implement the alternating projection

methods to the solution of damage detection problems the expres-
sions for the projections onto the constraint sets C1 , C2 , C3, and C4

de� ned in Sec. II are required.In this section,analyticalexpressions
for these projections are derived.

The projection on the positive de� niteness constraint set C1 is
obtained via an eigenvalue–eigenvector decomposition L3L T of
the matrix Kd and the replacement of the negative eigenvalues by
zero.21 Hence, this projection is given by

K ¤
d D PC1 .Kd/ D L3C LT .24/

where 3C is the diagonal matrix obtainedby replacing the negative
diagonal elements in 3 by zero and L is the eigenvector matrix.
Ef� cient symmetric matrix eigensolvers can be used to compute
this projection.

The projection on the symmetry constraint set C2 is given by

K ¤
d D PC2 .Kd / D

Kd C K T
d

2
.25/

Hence, K ¤
d is the symmetric part of Kd .

The sparsity pattern of the Kd matrix is obtained by preserving
the zero/nonzero pattern of the analytical stiffness matrix K . The
projectionof a nonsparsematrix Kd onto the K -sparseconstraintset
C3 is obtained by preserving the elements of Kd that correspond to
the nonzeropatternof K and zeroingthe elements that correspondto
the zero pattern of K . Let us denote by SK the matrix that consistsof
zeros and ones and has the sparsitypatternof K . Then the projection
K ¤

d of a matrix Kd onto the set C3 can be obtained as

K ¤
d D PC3 .Kd/ D Kd ± SK .26/

The projectiononto theeigenequationconstraintsetC4 is obtained
by � nding the minimum distance solution of the eigenequation (4)
with respect to the distance kKd ¡ K k. To this end, notice that sub-
tracting the term K Vd from both sides of the eigenequation (4)
provides

.Kd ¡ K /Vd D MVdÄ2
d ¡ K Vd .27/

The minimum norm solutionwith respect to Kd ¡ K is obtained via
the Moore–Penrose generalized inverse V C

d of Vd as follows:

K ¤
d ¡ K D MVdÄ2

d ¡ K Vd V C
d .28/

Hence, the projection K ¤
d of a matrix Kd onto the set C4 is

K ¤
d D PC4 .Kd/ D MVdÄ2

d ¡ Kd Vd V C
d C Kd .29/

Notice that the generalized inverse V C
d of the eigenvectormatrix Vd

needs to be computed only once at the beginning of the alternating
projection algorithm.

To obtain the projection onto the masking constraint set C 0
3, a

masking matrix Im is constructedin each iteration of the alternating
projection algorithm. This matrix consist of ones at the location
where a signi� cant change has occurred in the stiffness matrix and
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Fig. 4 Alternating projections for damage detection � owchart.

zeros at the locationwhere no signi� cant change has been detected,
e.g., less that 10% of the maximum change. Obviously, Im is a
symmetric K -sparsematrix.Hence, the projectiononto the masking
constraint set C 0

3 is obtained by

K ¤
d D PC 0

3
.Kd / D K C .Kd ¡ K / ± Im

Figure4 depicts the � owchartof thealternatingprojectionscheme
for the damage detection problem.

V. Numerical Examples
A. Cantilever Beam Model

Consider the analytical FEM of a four-DOF cantilevered beam
with mass matrix

M D 10¡4 £

&

666$

1:5695 0 0 0

0 1:5695 0 0

0 0 1:5695 0

0 0 0 0:7848

’

777%

and stiffness matrix

K D 108 £

&

666$

5:5814 ¡2:7907 0 0

¡2:7907 5:5814 ¡2:7907 0

0 ¡2:7907 5:5814 ¡2:7907

0 0 ¡2:7907 2:7907

’

777%

To validateand evaluate the performanceof the proposeddamage
detection algorithms, simulated damage was introducedat the third
element of this model by decreasing the correspondingstiffness by
25%. We assume that three eigenfrequencies and mode shapes of
the damaged model are available to detect this simulated damage.
The corresponding eigenfrequency matrix Äd and the eigenvector
matrix Vd are

Ä D

&

6$
4:8184 £ 105 0 0

0 1:2325 £ 106 0

0 0 2:200 £ 106

’

7%

Fig. 5 Alternating projection iterations for the cantilever beam model.

and

Vd D

&

666$

0:1986 ¡0:5415 ¡0:7080

0:3711 ¡0:6204 0:5115

0:6194 0:2820 0:1654

0:6627 0:4923 ¡0:4580

’

777%

For comparison purposes, both the classic and the directional
alternating projection algorithms (21) and (23) are examined for
damagedetection.In this noise-freeproblemthe damagedstructural
stiffness constraints (10) have a nonempty intersection providing a
unique solution to the optimizationproblemEqs. (11) and (12). The
predicted damaged stiffness matrix from the alternating projection
algorithms is

K ¤
d D 108 £

&

666$

5:5814 ¡2:7907 0:0000 0:0000

¡2:7907 4:1860 ¡1:3953 0:0000

0:0000 ¡1:3953 4:1860 ¡2:7907

0:0000 0:0000 ¡2:7907 2:7907

’

777%

which corresponds to the exact simulated damage stiffness matrix.
That is, the alternating projection approach provides the exact an-
swer for this simulated example. Both the standard alternatingpro-
jection and the directional alternating projection algorithms con-
verged to the given solution. Figure 5 shows the logarithm of the
error of the iterative scheme vs the iteration number for these al-
gorithms. Notice that the directional alternating projection method
requires approximatelyone-third of the number of iteration that the
standard alternating projection requires.

For comparison, an alternative damage detection approach that
utilizes the Baruch–Bar Itzhack formula (7) in an iterative fashion
is also used to detect the same simulated damage. This technique,
proposed in Refs. 9 and 22, predicts the same exact simulated dam-
age. In addition, a new iterative Baruch–Bar Itzhack approach that
utilizesdirectional informationfor the projection(7), as proposedin
algorithm(23), is applied to solvethisproblem.This directionaliter-
ativeBaruch–Bar Itzhackapproachhas the advantageof converging
faster to the solution of the simulated damage detection problem. A
comparison of the convergenceof these iterative schemes is shown
in Fig. 6. It is noted that the utilizationof the directionalinformation
signi� cantly enhances the convergence rate.

B. NASA Eight-Bay Truss Damage Detection Test Bed
The NASA eight-bay truss structure is a cantilevered eight-bay

structure designed at the NASA Langley Research Center to be
used as an experimentaltestbed to collecthigh-qualityexperimental
modal data for damage detection testing and validation purposes.23

The structural model is a 96-DOF FEM model developedusing rod
elements and concentrated masses, as shown in Fig. 7. The truss
has been instrumented with 96 accelerometers to measure the three
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Fig. 6 Baruch–Bar Itzhack iterations for the cantilever beam model.

Fig. 7 NASA eight-bay experimental test bed and damage cases.

translationalDOFs at each node. Damage has been in� icted by the
removal of truss members at prespeci� ed locations. Experimental
modaldatahavebeenextractedforhealthystructureand fordifferent
damage case scenarios that correspond to the removal of different
truss members. These data are used in this study to validate the
proposed alternating projection algorithms for damage detection.

We use the � rst � ve modes of vibration to solve the damage
detection problem for different damage case scenarios. Before the
implementation of the alternating projection algorithms, the � nite
element model was re� ned using available healthy modal data.
The alternating projection algorithm of Sec. IV without masking
was utilized for this model re� nement.

Damage cases denoted as cases A, C, G, H, I, J, L, M, N, and
O are examined. Two representativecases are discussed next. In all
of these cases, 50 iterations of the alternating projection algorithm
(21) were utilized to solve the noisy damage detection infeasible
optimization problem (13–15).

The damage case N correspondsto the removalof a trussmember
at the free end of the truss (bay eight); hence, this is a low-strain
damage case. DOFs 2 and 14 in the FEM model of the structure are
affected. The results of the alternatingprojection damage detection
scheme are shown in Figs. 8 and 9. Figure 8 shows a mesh plot of
the absolutevalues of the perturbed stiffnessmatrix 1K D K ¡ Kd

that is attributed to damage. Figure 9 shows the normalizeddamage
indicator vector for each DOF for the same case. The damage at
DOFs 2 and 14 is clearly represented, and the remaining residual
peaks can be attributed to experimental data measurement errors.

The damagecase O correspondsto the removalof two trussmem-
bers near the base of the truss (bay three). DOFs 62, 68, 69, 74,
and 75 are affected. Figure 10 shows the mesh plot of 1K ; and
Fig. 11 shows the damage indicator vector. Damage information
again can be extracted from the peaks values in these plots. The
peak that corresponds to DOF 50 is attributed to a faulty sensor
at this location for this experiment (private communication from
T. Kashangaki).

Fig. 8 Mesh plot of D K for the NASA eight-bay case N.

Fig. 9 Damage indicator vector for the NASA eight-bay case N.

Fig. 10 Mesh plot of D K for the NASA eight-bay case O.

Fig. 11 Damage indicator vector for the NASA eight-bay case O.
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Table 1 Damage extent estimates

MRPT Alternating projections method

Case Damage extent, lb/in. (N/m) %Error Damage extent, lb/in. (N/m) %Error

A 11,896 .2:08351£ 106) 8.77 11,876 .2:08000£ 106 ) 8.93
C 11,901 .2:08438£ 106) 8.73 9,289 .1:62691£ 106 ) 19.82
G 10,859 .1:90188£ 106) 16.70 10,425 .1:82587£ 106 ) 20.05
H 12,601 .2:20698£ 106) 3.37 12,957 .2:26933£ 106 ) 0.64
I 7,568 .1:32549£ 106) 16.00 7,272 .1:27364£ 106 ) 19.32
J 12,015 .2:10435£ 106) 7.86 12,538 .2:19595£ 106 ) 3.85
L 8,421 .1:47488£ 106) 35.40 11,191 .1:96003£ 106 ) 14.18
M 12,009 .2:10330£ 106) 7.91 11,712 .2:05128£ 106 ) 10.18
N 10,037 .1:75792£ 106) 23.00 8,828 .1:54617£ 106 ) 32.30
O 12,347 .2:16250£ 106) 5.31 12,344 .2:16197£ 106 ) 5.34

Notice that the mesh plots (Figs. 8 and 10) have been rotated by
90 deg to depict the damage results more clearly. Table 1 presents
a summary of the damage detection results for all cases that have
been examined. The extent of the damage is estimated based on the
calculatedstiffness reductionat the damaged locations.For compar-
ison, the corresponding damage detection results from the MRPT
are also presented. However, the MRPT results include a � ltering
treatment after the damage detection step that improves the accu-
racy of the damage extent estimate.12 Notice that MRPT provides
a fully populated damaged stiffness matrix that does not satisfy the
positive de� niteness and connectivity constraints of the physical
problem.

VI. Conclusions
The use of alternating projection methods for damage detec-

tion in structures is examined. These methods provide iterative
schemes that enforce symmetry, sparsity, positive de� niteness, and
eigenequationconstraintsfor thedamage stiffnessmatrix to improve
the damage detectionestimates usingmodal test data.The proposed
approachcan accommodatenoisymodal data by obtainingthe dam-
age stiffness matrix that approximates the noisy eigenproblem and
satis� es the remaining physical constraints. Application of the al-
ternating projectionmethods to detect damage using simulated and
experimentaldata shows satisfactoryperformance.Both damage lo-
cation and extent informationare extracted for the NASA eight-bay
experimentaldamage detection test bed using noisy modal data.Ex-
act damage location is predicted for 10 damage test cases, although
the damage extent error ranges from 0.5 to 30% depending on the
case.
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